We consider a superconductor hosting mobile impurities, which locally change the superconducting transition temperature. The BCS interaction at the impurity is different both in magnitude and in sign from the BCS interaction in the bulk. It is shown that due to the attraction between impurities, they tend to form more condensed state. We also consider the distribution of mobile impurities with local BCS attraction or repulsion at the vicinity of the superconductor-normal metal interface.
INTRODUCTION
Since the usual superconductivity is a low-temperature phenomenon thermal jumps of point impurities or atoms are practically forbidden in the superconducting state. The coherent propagation at low temperature is possible only for very light particles, such as muons [1] and hydrogen [2] , see also review [3] .
The effect of superconductivity on the coherent motion of impurities usually reduces to a change in the electronic polaron effect [4] due to a strong modification in the electronic spectrum as a result of the phase transition into the superconducting state. In particular, the opening of the superconducting gap decreases the number of electrons at the Fermi level hence increases the coherent mobility. This is in agreement with the experiment [5] .
Nowadays the superconducting transition temperatures reaches values of the order of hundred Kelvin. In this case, one might assume that impurities are relatively fast moving by making activation jumps, thus forming a mobile component in a superconductor. It is a natural question to ask what physical consequences of the presence of a mobile component can be expected in superconductors and superconducting structures.
Here we show that if the BCS interaction on impurities is different from its mean value, then it is energetically favourable to form an inhomogeneous superconducting state. This result applies to the situations, where the mobile component has local BCS interaction constant, which can be both larger or smaller as compared to its average value, or even has repultion sign. We also consider several examples of energy profile for mobile component in the superconductor-normal metal structures.
OPTIMAL CONCENTRATION OF MOBILE IMPURITIES
Naturally, the presence of the mobile component locally modifies the physical properties of superconductor. Suppose here that this is the superconducting transition temperature. One might ask, whether the back action of the local change of the critical temperature will affect the spatial structure of the mobile component.
To proceed, let us consider the condensation energy of a superconductor, which has the volume V . Within the mean field BCS model and in the situation where the temperature is smaller than the energy gap, the condensation energy is given by [6] 
where ν, λ, and |∆| are the density of electronic states at the Fermi level, BCS electron-electron interaction constant, and superconducting gap, respectively. The second equality in Eq. 1 is valid at small temperature. We note that the exponent in Eq. 1 is the most sensitive to the material parameters, compared to the energy ε c > 0, which is of the order of Debye frequency. Let us consider N particles injected into the volume V 0 ≪ V of the superconductor. We assume that they modify the exponent in (1) by increasing or decreasing attraction between the electrons
where α is some constant. Here we made an assumption that the variation of the interaction constant is proportional to the concentration C = N/V 0 of injected particles. The condensation energy of superconductor in the presence of injected particles is given by
where we neglect the surface energy. Hence, the change in the condensation energy after the injection of N particles reads
The schematic dependence of δE cond in (4) on the concentration of injected particles is shown in Fig. 1 . Let us consider two opposite situations, where the impurities increase (αC/λ > 0) or decrease (0 > αC/λ) the BCS constant, which has a finite value in the limit C → 0 in both cases. Therefore, a shift of the condensation energy is proportional to number of injected particles. We find gain (loss) of condensation energy in the situation where the defects increase (decrease) the BCS constant. In both cases the system gains more condensation energy with the increase of concentration, which also means that the injected particles prefer more condensed state. Namely, at a given number of particles the increase of concentration means the decrease of the volume of injected particles.
The fact of attraction between the injected particles, which locally shift the superconducting temperature, can be verified within the Ginzburg-Landau functional approach. Note that the model of a superconductor hosting granules with repulsive BCS interaction was considered in [8] .
Our approach can not be applied for the systems with large concentration |αC| ≈ |λ|, in which expressions in Eq. 4 should be corrected. Although, due to the denominator in (4) there is always a trend δE cond → 0 with increasing concentration. This means the existence of optimal concentration for impurities, which increase attraction. Of course, there are also elastic forces present in real solids. Naturally, the ground state of mobile particles will be determined by the balance of all forces.
IMPURITY ENERGY PROFILE NEAR SUPERCONDUCTOR -NORMAL METAL INTERFACE
It is interesting to study the distribution of mobile impurities near the interface of the superconductor and normal metal. Such distribution is determined by the energy profile for the mobile defects. To consider the influence of superconductivity on the energy profile we write the BCS Hamiltonian with spatially dependent interaction constant, which reflects the fact that near a defect the phonon spectrum and Coulomb electron-electron interaction might be modified
Let λ 0 be the bulk BCS interaction constant, such that near the impurity one has δλ(r) = λ(r) − λ 0 = 0. This inequality determines the BCS radius of impurity. Within the mean field approximation a correction to the energy due to single spinless impurity (we will comment on the spin-flip scattering on magnetic impurity later) is given by
We consider impurity placed at point R and assume for simplicity BCS radius of impurity to be of the order of electron wavelength. We obtain the position dependent energy
where |∆(R)| is the modulus of local value of the Cooper pair wave-function, F (R, R ′ ; ω n ) is the anomalous superconducting Green function, and ω n = (2n + 1)πT is Matsubara frequency.
We now take into account the interaction of BCS impurity with the interface between the superconductor and normal metal. In normal region the superconducting correlations arise due to the proximity effect. For temperature T ∼ |∆(T )| and distance from the interface R ≤ v F /T , where v F is the Fermi velocity, we estimate the position dependent energy as
At larger distances, such that R > v F /T , the energy decreases exponentially with the increase of distance. Noting that if drδλ(r) ∼ ǫ F /p 3 F , where p F and ǫ F are the Fermi momentum and energy respectively, we obtain
Let us now analyze possible realizations of the energy profiles. We assume that λ 0 is zero in the normal metal and takes finite values in the superconductor describing finite attraction between electrons. Therefore, the factor drδλ(r) itself depends on R near the superconductornormal metal interface.
Taking this condition into account, we consider three main cases of the BCS constant at impurity, namely, repulsion, weak and strong (with respect to the bulk value) attraction. The corresponding energy profiles are schematically shown in the right panel of Fig. 2 . The system with the local BCS repulsion impurities lowers the energy by expelling them from the superconducting region as shown by the solid line in 2. Impurity with relatively weak BCS attraction expels from the region with strong superconductivity into region of proximityinduced superconductivity. Near the boundary there is a local minimum of the energy. The case is shown by the long dashed line in Fig. 2 . Finally, it is energetically favourable for the impurity with strong BCS attraction to move into the bulk of a superconductor. This case is shown by the short dashed line in Fig. 2 .
Mobile impurity might have magnetic moment. This determines another mechanism of energy profile formation near the superconductor-normal metal interface. The exchange interaction of the magnetic impurity reads
where S is the spin operator of magnetic impurity, σ(R) is the operator of the electronic spin density, and J is the exchange interaction constant, which is assumed to be isotropic and position independent. The correction to the energy δΩ(R) → δΩ(R) + δΩ m (R) due to superconducting correlations in the second order is given by
The sign of energy change in (11) is positive, which means that magnetic impurity in a superconductor has larger energy, than in normal metal in both cases of ferromagnetic and antiferromagnetic exchange interaction constant. Physically, this is related to the fact, that magnetic impurities destroy singlet superconductivity. At T ∼ ∆(T ) and distance R ≤ v F /T we estimate for the normal metal side of the interface
The second order correction (11) can be of the order of or greater than the correction due to the local BCS, since the latter (7) is counted from the average value.
Note, that we do not consider the case of very low temperatures, where the impurity mobility can be frozen.
In order to find Eq. (8,9,12), we obtain the anomalous part of the Green function near the superconductornormal metal interface by solving the system of equations
where ∆(r, T ) is a steplike function, which is zero in the region of normal metal x > 0 and constant ∆(T ) in the superconductor x < 0. The Cooper pair wavefunction near superconductor-normal metal interface is shown schematically in the left panel of Fig. 2 .
CONCLUSION
Let us now quickly comment on the energy profile at the vicinity of the superconducting vortex. The vortex is characterized by a strong dependence of the superconducting gap function ∆(r, T ) on the distance to the center of the vortex and by the constancy of the interaction constant. Therefore, the situations where impurities have local repulsion or strong attraction can be analyzed similarly as it was in case of superconductor-normal metal interface.
We have studied the model of superconductor hosting mobile impurities, which locally modify the superconducting properties. We find that the impurities that make up the mobile component attract to each other. Hence, there is a tendency to form a more condensed mobile component. For impurities with local BCS attraction constant, which is smaller than that in the bulk of the superconductor, there is a minimum of energy near the superconductor -normal metal interface. This increases the probability of finding such impurities near the interface.
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